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Abstract
Using an energy-momentum tensor for spinning particles due to Dixon and
Bailey-Israel, we develop the post-Newtonian approximation for N spinning
particles in a self-contained manner. The equations of motion are derived
directly from this energy-momentum tensor. Following the formalism of Ep-
stein and Wagoner, we also obtain the waveform and the luminosity of the
gravitational wave generated by these particles.
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I. INTRODUCTION
The possibility of detecting gravitational waves from coalescences of compact binaries in
the near future by LIGO [1] and VIRGO [2] laser interferometric detectors has aroused quite
a lot of research in this area. One of the main tools in analyzing these situations and in
obtaining the gravitational waveforms generated is the post-Newtonian approximation [3].
As one gets closer to the coalescence, higher order terms in this approximation have to be
taken into account to get results accurate enough for comparison with future observational
data.
When higher order terms are considered, spin and higher multipole effects may be of
significance, especially for neutron stars and Kerr black holes. For these compact objects, it
is estimated that the spin-orbit and spin-spin effects are of (post)3/2-Newtonian and (post)2-
Newtonian order, respectively [4]. Therefore, to get accurate results to these orders, spin
effects must be included.
A number of authors have studied these spin effects in [4]-[6]. In [6], both the spin-orbit
and spin-spin effects are considered in details using the multipole formalism of Blanchet,
Damour, and Iyer (BDI) [7,8]. The BDI formalism is rigorous, but rather complicated in
which each body is regarded as a spherically symmetric, rigidly rotating perfect fluid.
In this paper we would like to introduce another approach which is simpler and self-
contained in the sense that the equations of motion are also derived along the way. In this
approach we still regard the bodies as point particles, but with structures such as spin.
The central quantity here is the energy-momentum tensor for these particles. In general
spacetimes this energy-momentum tensor was first introduced by Dixon [9], and was later
elaborated on by Bailey and Israel (BI) [10]. In [10], the Lagrangian density of a particle is
expanded in a covariant Taylor expansion about another world-line, presumably the center-
of-mass of some extended object. Higher order terms in this expansion correspond to spin,
tidal effects and so on. From this Lagrangian one can obtain the energy-momentum tensor
in the usual fashion. Therefore, in this formalism one can include structures such as spin,
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quadrupole moment and so on in a systematic manner. In this paper, however, we shall
concentrate only on the spin effects.
With this energy-momentum tensor for particles with spin, one can derive the equations
of motion for spinning particles, that is, the Papapetrou equations, by requiring this energy-
momentum tensor to be symmetric and conserving. This will be done in the next section.
In Section III, we develop the post-Newtonian approximation for N spinning particles using
this tensor. We follow closely the procedures in [11]. As an illustration of how our approach
works, we choose the simpler case that the spin-orbit and spin-spin effects are both of post-
Newtonian order. In this case, we are not dealing with compact objects, but ordinary ones.
The equations of motion for positions and spins are expanded up to (post)2-Newtonian
order. In Section IV we use the formalism of Epstein and Wagoner (EW) [12] to obtain the
waveform and the luminosity of the gravitational wave generated by the motion of these N
spinning particles up to post-Newtonian order. This can be considered as an extension of
the result of Wagoner and Will [13] to spinning particles. Conclusions and discussions are
given in Section V.
II. ENERGY-MOMENTUM TENSOR
In [10], BI devised a general method to derive the energy-momentum tensor T µν for
particles with structures such as spin. First the Lagrangian for a charged point particle
is expanded covariantly about another world-line. For the particle to represent part of an
extended object, this world-line is usually chosen to be the center-of-mass of the object.
However, their formalism is rather general that one can actually choose any convenient
world-line. The higher order terms in this expansion can be identified with the structures of
the particle corresponding to higher gravitational and electromagnetic multipole moments.
With this Lagrangian expansion, one can obtain the equations of motion and T µν by the
usual variations.
Here we concentrate on particles with the extra structure of spin, which is related to the
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gravitational dipole moment. In this case, T µν for a spinning particle is given by [10],
T µν = T µν(can) +∇ρBµνρ, (2.1)
where
T µν(can) =
1√−g
∫
dτpµvνδ4(x− z(τ)), (2.2)
Bµνρ = −1
2
(Sµνρ + Sρµν + Sρνµ), (2.3)
Sµνρ =
1√−g
∫
dτSµνvρδ4(x− z(τ)), (2.4)
and pµ is the canonical momentum, Sµν the spin tensor. T µν(can) is therefore the canonical
energy-momentum tensor, and Bµνρ is the Belinfante tensor due to spin. The equations of
motion can be derived in the following manner. First we require T µν to be symmetric in µ
and ν, T µν = T νµ, which gives
1√−g
∫
dτ (pµvν − pνvµ)δ4(x− z(τ))−∇ρ
[
1√−g
∫
dτSµνvρδ4(x− z(τ))
]
= 0. (2.5)
Using the formulae,
∂µ
√−g = √−g Γρρµ, (2.6)
and
vµ∂µδ
4(x− z(τ)) = − ∂
∂τ
δ4(x− z(τ)), (2.7)
the derivative becomes
∇ρ
[
1√−g
∫
dτSµνvρδ4(x− z(τ))
]
=
1√−g
∫
dτ
DSµν
Dτ
δ4(x− z(τ)), (2.8)
where we have ignored surface terms. Here
DSµν
Dτ
≡ vα∇αSµν
=
dSµν
dτ
+ vαΓµαρS
ρν + vαΓναρS
µρ. (2.9)
Therefore, Eq.(2.5) becomes
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1√−g
∫
dτ
[
DSµν
Dτ
− (pµvν − pνvµ)
]
δ4(x− z(τ)) = 0
⇒ DS
µν
Dτ
= pµvν − pνvµ. (2.10)
This is the first set of the Papapetrou equations, the equations of motion for spinning
particles.
Next we require that T µν is conserving, ∇µT µν = 0, which gives
∇µT νµ(can) +∇µ∇ρBνµρ = 0, (2.11)
where we have used the symmetry property of T µν . Using the formulae Eqs.(2.6) and (2.7)
again, we have
∇µT νµ(can) = ∇µ
[
1√−g
∫
dτpνvµδ4(x− z(τ))
]
=
1√−g
∫
dτ
(
Dpν
Dτ
)
δ4(x− z(τ)). (2.12)
For ∇µ∇ρBνµρ, we use the identity
(∇µ∇ν −∇ν∇µ)φαβ··· = Rαξµνφξβ··· +Rβξµνφαξ··· (2.13)
for the tensor φαβ··· and the symmetry properties of the Riemann tensor Rµναβ to get
∇µ∇ρBνµρ = 1
2
RνµρσS
ρσµ. (2.14)
Finally, Eq.(2.11) becomes
1√−g
∫
dτ
[(
Dpν
Dτ
)
+
1
2
RνµρσS
ρσvµ
]
δ4(x− z(τ)) = 0
⇒ Dp
ν
Dτ
= −1
2
RνµρσS
ρσvµ. (2.15)
This is the second set of the Papapetrou equations. If the spin tensor vanishes,
Dpν
Dτ
= 0, (2.16)
which is just the geodesic equation for a point particle. Also from Eq.(2.10), we see that the
canonical momentum can be written as
5
pµ = mvµ − vνDS
µν
Dτ
. (2.17)
The spin tensor Sµν is anti-symmetric in µ and ν, giving six independent components.
Three of them can be eliminated by the “spin supplementary condition”,
Sµνvν = 0. (2.18)
For µ = i,
Si0v0 + S
ijvj = 0
⇒ S0i =
(
vj
v0
)
Sij. (2.19)
The µ = 0 equation is then satisfied automatically. The remaining three independent
components of Sij can be written as a vector,
Si ≡ 1
2
ǫijkSjk, (2.20)
which is the spin vector of the particle.
III. POST-NEWTONIAN APPROXIMATION
In this section we develop the post-Newtonian expansion for N spinning particles using
the energy-momentum tensor T µν introduced in the last section. We follow closely the
procedure in [11]. In the post-Newtonian approximation, it is assumed that the velocities of
the particles are small,
v ∼ ǫ1/2 ≪ 1. (3.1)
Moreover, the gravitational potential φ is comparable to the kinetic energy,
φ ∼ v2 ∼ ǫ. (3.2)
Here we take the spin Si to be of order ǫ1/2, the same as velocity. Under this assumption, the
spin-orbit and spin-spin effects are both of order ǫ. This is valid for ordinary situations but
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not compact objects for which these effects will come in only at higher orders. In this paper
we wish to treat the former case, which is simpler, as an illustration of how our approach
works.
To begin we expand the spacetime metric,
g00 = −1 + g(2)00 + g(4)00 + · · · , (3.3)
g0i = g
(3)
0i + · · · , (3.4)
gij = δij + g
(2)
ij + · · · , (3.5)
where
g
(2)
00 = −2φ, (3.6)
g
(4)
00 = −2(φ2 + ψ), (3.7)
g
(3)
0i = ζi, (3.8)
g
(2)
ij = −2φδij . (3.9)
Here the superscript denotes the order in the post-Newtonian expansion, for example, g
(i)
00
is the (post)i/2-Newtonian order of g00. Through the Einstein equations the potentials φ, ζi,
and ψ can be expressed in terms of the various components of T µν in the appropriate order,
φ(~x, t) = −
∫
d3x′
(T 00(~x′, t))(0)
|~x− ~x′| , (3.10)
ζi(~x, t) = −4
∫
d3x′
(T 0i(~x′, t))(1)
|~x− ~x′| , (3.11)
ψ(~x, t) =
∂2χ
∂t2
−
∫
d3x′
[
(T 00(~x′, t))(2) + (T ii(~x′, t))(2)
]
, (3.12)
where ∇2χ = φ. Note that we have used the harmonic gauge [11],
gµνΓλµν = 0. (3.13)
in deriving the above expressions.
As for T µν , we use the one given in the last section for N spinning particles,
T µν = T µν(can) +∇ρBµνρ, (3.14)
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where
T µν(can) =
1√−g
∑
A
pµAv
ν
Aδ
3(~x− ~xA), (3.15)
Bµνρ = −1
2
(Sµνρ + Sρµν + Sρνµ), (3.16)
Sµνρ =
1√−g
∑
A
SµνA v
ρ
Aδ
3(~x− ~xA), (3.17)
pµA = mAv
µ
A − vAν
DSµνA
DτA
, (3.18)
and A = 1, ..., N . Assuming that the spin part is of the order of ǫ1/2, we can expand T 00,
T 0i, T i0 and T ij,
(T 00)(0) =
∑
A
mAδ
3(~x− ~xA), (3.19)
(T 00)(2) =
∑
A
mA(φA +
1
2
v2A)δ
3(~x− ~xA)−
∑
A
ǫijkvjAS
k
A∂iδ
3(~x− ~xA), (3.20)
(T 0i)(1) =
∑
A
mAv
i
Aδ
3(~x− ~xA) + 1
2
∑
A
ǫijkSkA∂jδ
3(~x− ~xA)
= (T i0)(1), (3.21)
(T 0i)(3) =
∑
A
mA(φA +
1
2
v2A)v
i
Aδ
3(~x− ~xA) +
∑
A
ǫijkvjA
(
dSkA
dt
)(2)
δ3(~x− ~xA)
+
∑
A
ǫijk
(
dvjA
dt
)(2)
SkAδ
3(~x− ~xA) +
∑
A
ǫijkSkAφA∂jδ
3(~x− ~xA)
−1
2
∑
A
ǫiklvjAv
k
AS
l
A∂jδ
3(~x− ~xA)− 1
2
∑
A
ǫjklviAv
k
AS
l
A∂jδ
3(~x− ~xA)
= (T i0)(3) +
∑
A
ǫijkvjA
(
dSkA
dt
)(2)
δ3(~x− ~xA), (3.22)
(T ij)(2) =
∑
A
mAv
i
Av
j
Aδ
3(~x− ~xA)− 1
2
∑
A
ǫijk
(
dSkA
dt
)(2)
δ3(~x− ~xA)
+
∑
A
ǫ(iklv
j)
AS
l
A∂kδ
3(~x− ~xA), (3.23)
(T ij)(4) =
∑
A
mA(φA +
1
2
v2A)v
i
Av
j
Aδ
3(~x− ~xA)− 1
2
∑
A
ǫijk
(
dSkA
dt
)(4)
δ3(~x− ~xA)
+
∑
A
ǫ(iklvkAS
l
A

dvj)A
dt


(2)
δ3(~x− ~xA) +
∑
A
ǫ(ikl
(
dvkA
dt
)(2)
SlAv
j)
A δ
3(~x− ~xA)
+
∑
A
ǫikl
(
dvkA
dt
)(2)
SlAv
j
Aδ
3(~x− ~xA) +
∑
A
ǫijkSkA
(
∂φA
∂t
)
δ3(~x− ~xA)
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+
∑
A
ǫ(ikl
(
dSlA
dt
)(2)
vkAv
j)
A δ
3(~x− ~xA)−
∑
A
ǫijk
(
dSkA
dt
)(2)
φAδ
3(~x− ~xA)
+2
∑
A
ǫ(iklv
j)
AS
l
AφA∂kδ
3(~x− ~xA)−
∑
A
ǫ(ikmvkAS
m
A v
j)
A v
l
A∂lδ
3(~x− ~xA)
+
∑
A
ǫijlSlAv
k
A(∂
A
k φA)δ
3(~x− ~xA)
+2
∑
A
ǫjklvkAS
l
A(∂
A
i φA)δ
3(~x− ~xA)− 2
∑
A
ǫjklviAS
l
A(∂
A
k φA)δ
3(~x− ~xA)
−1
2
∑
A
ǫjklSlA(∂
A
i ζAk)δ
3(~x− ~xA) + 1
2
∑
A
ǫjklSlA(∂
A
k ζAi)δ
3(~x− ~xA), (3.24)
where we have used the convention for symmetrization of indices,
A(iBj) ≡ 1
2
(AiBj + AjBi) (3.25)
From this expansion of T µν , the potentials φ, ζi, and ψ in Eqs.(3.10), (3.11) and (3.12),
respectively, can be evaluated to be,
φ = −∑
A
mA
|~x− ~xA| , (3.26)
~ζ = −4∑
A
mA~vA
|~x− ~xA| + 2
∑
A
(~x− ~xA)× ~SA
|~x− ~xA|3 , (3.27)
ψ =
∑
A
∑
B 6=A
mA
|~x− ~xA|
mB
|~xA − ~xB| −
1
2
∑
A
∑
B 6=A
mA(~x− ~xA)
|~x− ~xA| ·
mB(~xA − ~xB)
|~xA − ~xB|3
+
1
2
∑
A
mA[~vA · (~x− ~xA)]2
|~x− ~xA|3 − 2
∑
A
mAv
2
A
|~x− ~xA| − 2
∑
A
(~x− ~xA) · (~vA × ~SA)
|~x− ~xA|3 . (3.28)
The equations of motion for ~xA and ~SA can be derived, as discussed in Section II, by
requiring T µν to be symmetric and conserving. For T µν to be symmetric, we have the
conditions,
T 0i = T i0, (3.29)
T ij = T ji. (3.30)
On the other hand, for T µν to be conserving, we have
∇µT µ0 = 0
⇒ ∂
∂t
T 00 + ∂iT
i0 + 2Γ000T
00 + 3Γ00iT
i0 + Γii0T
00 + Γ0ijT
ij + ΓijiT
i0 = 0, (3.31)
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and
∇µT µi = 0
⇒ ∂
∂t
T 0i + ∂jT
ij + Γ000T
0i + Γ00jT
ij + Γkk0T
0i
+ΓkkjT
ij + Γi00T
00 + 2Γi0jT
0j + ΓijkT
jk = 0. (3.32)
The lowest order of Eq.(3.29) is satisfied automatically because (T 0i)(1) = (T i0)(1) as given
in Eq.(3.21). From Eq.(3.30), we have
(T ij)(2) = (T ji)(2)
⇒

d~SA
dt


(2)
= 0, (3.33)
which is the equation of motion for spins to the lowest order. From Eq.(3.31), we have
(
∂
∂t
T 00
)(0)
+ ∂i(T
0i)(1) = 0, (3.34)
which is also satisfied automatically, and so there is no new constraint. From Eq.(3.32),
(
∂
∂t
T 0i
)(1)
+ ∂j(T
ij)(2) + (Γi00)
(2)(T 00)(0) = 0
⇒
(
d~vA
dt
)(2)
= −~∇AφA = −
∑
B 6=A
mB~rAB
r3AB
, (3.35)
where we have denoted ~xA − ~xB by ~rAB. This equation is just the Newtonian equation of
motion for point particles. The various components of the Christoffel symbol (Γµαβ)
(i) can
be found in [11].
Now we go to the next order. From Eq.(3.29), we have
(T 0i)(3) = (T i0)(3), (3.36)
which is satisfied automatically as seen from Eqs.(3.22) and (3.33). Then from Eq.(3.30),
we have
(T ij)(4) = (T ji)(4)
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⇒

d~SA
dt


(4)
=
(
2
(
∂φA
∂t
)
+ ~vA · ~∇AφA
)
~SA − (~SA · ~vA)~∇AφA
+2(~SA · ~∇AφA)~vA − 1
2
(~SA · ~∇A)~ζA + 1
2
~∇A(~SA · ~ζA)
=
∑
B 6=A
mB~rAB · (~vA − 2~vB)
r3AB
~SA −
∑
B 6=A
mB[(~vA − 2~vB) · ~SA]
r3AB
~rAB
+2
∑
B 6=A
mB(~rAB · ~SA)
r3AB
(~vA − ~vB)− 2
∑
B 6=A
~SA × ~SB
r3AB
+3
∑
B 6=A
~rAB · (~SA × ~SB)
r5AB
~rAB + 3
∑
B 6=A
(~rAB · ~SA)
r5AB
(~rAB × ~SB), (3.37)
where we have used the results in Eqs.(3.26) to (3.28) for the potentials.
Next from Eq.(3.31),
(
∂
∂t
T 00
)(2)
+ ∂i(T
0i)(3) + 2(Γ000)
(3)(T 00)(0)
+3(Γ00i)
(2)(T i0)(1) + (Γii0)
(3)(T 00)(0) + (Γjji)
(2)(T 0i)(1) = 0, (3.38)
which is satisfied automatically because of the Newtonian equation of motion as in Eq.(3.35).
Then from Eq.(3.32),
(
∂
∂t
T 0i
)(4)
+ ∂j(T
ij)(4) + (Γ000)
(3)(T 0i)(1) + (Γ00j)
(2)(T ij)(2)
+(Γkk0)
(3)(T 0i)(1) + (Γkkj)
(2)(T ij)(2) + (Γi00)
(2)(T 00)(2)
+(Γi00)
(4)(T 00)(0) + 2(Γi0j)
(3)(T 0j)(1) + (Γijk)
(2)(T jk)(2) = 0, (3.39)
which gives
(
d~vA
dt
)(4)
= 3~vA
(
∂φA
∂t
)
− v2A(~∇AφA) + 4~vA(~vA · ~∇AφA)
−4φA(~∇AφA)− ~∇AψA − ∂
~ζA
∂t
+ ~vA × (~∇A × ~ζA)
+
1
mA
~SA ×
(
~∇A
(
∂φA
∂t
))
+
1
mA
~SA × ~∇A(~vA · ~∇AφA)
− 2
mA
~∇A
[
(~vA × ~SA) · ~∇AφA
]
+
1
2mA
~∇
[
~SA · (~∇A × ~ζA)
]
=
∑
B 6=A
mB~rAB
r3AB

4 ∑
C 6=A
mC
rAC
+
∑
C 6=A,B
mC
rBC
(
1− ~rAB · ~rBC
r2BC
)
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+5
mA
rAB
− v2A + 4~vA · ~vB − 2v2B +
3
2
(~rAB · ~vB)2
r2AB
]
−7
2
∑
B 6=A
∑
C 6=A,B
mC~rBC
r3BC
mB
rAB
+
∑
B 6=A
mB~rAB · (4~vA − 3~vB)
r3AB
(~vA − ~vB)
+6
∑
B 6=A
~rAB
mAr3AB

 [~rAB × (~vA − ~vB)] · (mA~SB +mB ~SA)
r2AB
−
~SA · ~SB
r2AB
+
5
2
(~rAB · ~SA)(~rAB · ~SB)
r4AB


−3 ∑
B 6=A
1
mAr5AB
[
(~rAB · ~SA)~SB + (~rAB · ~SB)~SA
]
− ∑
B 6=A
1
mAr3AB
(~vA − ~vB)× (4mA~SB + 3mB ~SA)
+3
∑
B 6=A
1
mAr5AB
~rAB · (~vA − ~vB)
[
~rAB × (2mA~SB +mB ~SA)
]
. (3.40)
Hence, Eqs.(3.33), (3.35), (3.37), and (3.40) form a complete set of equations of motion
for ~xA(t) and ~SA(t) for spinning particles to the (post)
2-Newtonian order. This can be
considered as an extension to the well-known Einstein-Infeld-Hoffmann equations [14] for
ordinary particles.
Using these equations of motion, the expressions for the energy-momentum tensor T µν
in Eqs.(3.19) to (3.24) can be simplified to
(T 00)(0) =
∑
A
mAδ
3(~x− ~xA), (3.41)
(T 00)(2) =
∑
A
mA(φA +
1
2
v2A)δ
3(~x− ~xA)−
∑
A
ǫijkvjAS
k
A∂iδ
3(~x− ~xA), (3.42)
(T 0i)(1) = (T i0)(1)
=
∑
A
mAv
i
Aδ
3(~x− ~xA) + 1
2
∑
A
ǫijkSkA∂jδ
3(~x− ~xA) (3.43)
(T 0i)(3) = (T i0)(3)
=
∑
A
mA(φA +
1
2
v2A)v
i
Aδ
3(~x− ~xA)
+
∑
A
ǫijkSjA(∂
A
k φA)δ
3(~x− ~xA)−
∑
A
ǫijkSjAφA∂kδ
3(~x− ~xA)
−1
2
∑
A
ǫiklvjAv
k
AS
l
A∂jδ
3(~x− ~xA)− 1
2
∑
A
ǫjklviAv
k
AS
l
A∂jδ
3(~x− ~xA), (3.44)
(T ij)(2) =
∑
A
mAv
i
Av
j
Aδ
3(~x− ~xA) +
∑
A
ǫ(iklv
j)
AS
l
A∂kδ
3(~x− ~xA), (3.45)
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(T ij)(4) =
∑
A
mA(φA +
1
2
v2A)v
i
Av
j
Aδ
3(~x− ~xA)
+2
∑
A
ǫ(iklv
j)
AS
l
AφA∂kδ
3(~x− ~xA)− 4
∑
A
ǫ(iklv
j)
AS
l
A(∂
A
k φA)δ
3(~x− ~xA)
+
∑
A
ǫ(iklvkAS
l
A(∂
j)
AφA)δ
3(~x− ~xA)−
∑
A
ǫ(ikmv
j)
A v
k
AS
m
A v
l
A∂lδ
3(~x− ~xA)
−1
2
∑
A
ǫ(iklSlA(∂
j)
A ζAk)δ
3(~x− ~xA) + 1
2
∑
A
ǫ(iklSlA(∂
A
k ζ
j)
A )δ
3(~x− ~xA), (3.46)
and the expressions for the potentials φA and ζ
i
A are those given in Eqs.(3.26) and (3.27).
These components of the energy-momentum tensor T µν to various post-Newtonian order
will be used in the next section to find the gravitational wave generated by a system of N
spinning particles in the post-Newtonian approximation.
IV. GRAVITATIONAL WAVES GENERATION
In this section we follow the works of EW [12] and Wagoner and Will [13] to consider the
gravitational wave generation of N spinning particles in the post-Newtonian approximation.
As in [12], we derive the waveform and the luminosity of the gravitational waves up to
post-Newtonian order.
The waveform of the gravitational wave in the radiation zone is given by [12]
hijTT =
2
R
∂2
∂t2
[
I ij(t− R) + nkI ijk(t−R) + nknlI ijkl(t−R)
]
TT
, (4.1)
where TT denotes the transverse-traceless part, nk ≡ Rk/R, and
I ij =
∫
τ 00xixjd3x, (4.2)
I ijk =
∫
(2τ 0(ixj)xk − τ 0kxixj)d3x, (4.3)
I ijkl =
∫
τ ijxkxld3x, (4.4)
where τµν is the total energy-momentum tensor,
τµν = T µν + tµν , (4.5)
which includes the matter part T µν and the gravitational part tµν .
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Here, for spinning particles, we use the energy-momentum tensor T µν discussed in the
last section. While tµν , up to post-Newtonian order, is given in [13]. Therefore,
τ 00 =
∑
A
mA(1 + φA +
1
2
v2A)δ
3(~x− ~xA)−
∑
A
ǫijkvjAS
k
A∂iδ
3(~x− ~xA)
− 1
8π
(4φ∂2φ+ 3∂iφ∂iφ), (4.6)
τ 0i =
∑
A
mAv
i
Aδ
3(~x− ~xA)− 1
2
∑
A
ǫijkSjA∂kδ
3(~x− ~xA), (4.7)
τ ij =
∑
A
mAv
i
Av
j
Aδ
3(~x− ~xA) +
∑
A
ǫ(iklSlAv
j)
A∂kδ
3(~x− ~xA)
+
1
8π
[
−2∂iφ∂jφ− 4φ∂i∂jφ+ δij(4φ∂2φ+ 3∂kφ∂kφ)
]
, (4.8)
up to post-Newtonian order, where the last terms in Eq.(4.6) and Eq.(4.8) come from the
contributions of t00 and tij , respectively. Then the integrals in Eqs.(4.2) to (4.4) can be
evaluated,
I ij =
∑
A
mAx
i
Ax
j
A

1 + 1
2
v2A −
1
2
∑
B 6=A
mB
rAB

+ 2∑
A
ǫ(iklvkAS
l
Ax
j), (4.9)
I ijk =
∑
A
mA(2v
(i
Ax
j)
Ax
k
A − vkAxiAxjA) + 2
∑
A
ǫk(ilx
j)
AS
l
A, (4.10)
I ijkl =
∑
A
mAv
i
Av
j
Ax
k
Ax
l
A −
1
12
∑
A
∑
B 6=A
mAmBr
i
ABr
j
AB
rAB
[
δkl +
1
rAB
(−rkABrlAB + 6xkAxlA)
]
−∑
A
(
ǫ(ikmv
j)
Ax
l
A + ǫ
(ilmv
j)
Ax
k
A
)
SmA . (4.11)
In obtaining these expressions, we have discarded terms with vanishing transverse-traceless
parts, of which some are actually divergent, because those terms will not contribute to the
generation of gravitational waves [13]. For example,
(δij)TT = 0, (4.12)(
nif j
)
TT
= 0. (4.13)
for some function f j. Also we have used the formula,
∫
φ∂i∂jφx
kxld3x
=
∑
A
∑
B 6=A
πmAmBr
i
ABr
j
AB
3rAB
[
δkl +
1
r2AB
(2rkABr
l
AB − 6r(kABxl)A + 6xkAxlA)
]
, (4.14)
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which can be proved [13] by ignoring terms which have no transverse-traceless parts in a
similar way.
Putting these together the waveform of the gravitational wave, up to post-Newtonian
order, is
hijTT =
2
R
∂2
∂t2


∑
A
mAx
i
Ax
j
A

1− nˆ · ~vA + 1
2
v2A −
1
2
∑
B 6=A
mB
rAB


+2
∑
A
mAv
(i
Ax
j)
A(nˆ · ~xA) +
∑
A
mAv
i
Av
j
A(nˆ · ~xA)2
− 1
12
∑
A
∑
B 6=A
mAmBr
i
ABr
j
AB
rAB
[
1 +
1
r2AB
(
−(nˆ · ~rAB)2 + 6(nˆ · ~xA)2
)]
+2
∑
A
x
(i
A(~vA × ~SA)j) − 2
∑
A
x
(i
A(nˆ× ~SA)j) − 2
∑
A
(nˆ · ~xA)v(iA(nˆ× ~SA)j)
}
TT
.
(4.15)
Hence, together with the equations of motion in Eqs.(3.33), (3.35), (3.37) and (3.40), one
can obtain the gravitational waves generated by N spinning particles.
The total luminosity of the gravitational wave is also given in [12] as,
L = 〈1
5
NijNij + 1
105
(11NijkNijk − 6NijjNikk
−6NijkNikj + 22NijNijkk − 24NijNikkj) + · · ·〉, (4.16)
where the bracket denotes an average over several characteristic wavelengths, and
Nijk1···km ≡
d3
dt3
(
Iijk1···km −
1
3
δijIllk1···km
)
. (4.17)
Up to post-Newtonian order, L can be expanded to
L =
1
5
〈N (0)ij N (0)ij +
1
21
(42N (0)ij N (2)ij + 11N (1)ijkN (1)ijk − 6N (1)ijjN (1)ikk
−6N (1)ijkN (1)ikj + 22N (0)ij N (2)ijkk − 24N (0)ij N (2)ikkj)〉. (4.18)
Using the results for I ij , I ijk, and I ijkl in Eqs.(4.9), (4.10), and (4.11), respectively, one can
obtain the various orders of Nijk1···km as follows.
N (0)ij =
d3
dt3
{∑
A
mA
(
xiAx
j
A −
1
3
δijx2A
)}
, (4.19)
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N (2)ij =
d3
dt3


∑
A
mA
(
xiAx
j
A −
1
3
δijx2A
)1
2
v2A −
1
2
∑
B 6=A
mB
rAB


+2
∑
A
[
x
(i
A(~vA × ~SA)j) −
1
3
δij~xA · (~vA × ~SA)
]}
, (4.20)
N (1)ijk =
d3
dt3
{
2
∑
A
mA
(
v
(i
Ax
j)
A −
1
3
δij~vA · ~xA
)
xkA −
∑
A
mA
(
xiAx
j
A −
1
3
δijx2A
)
vkA
+2
∑
A
[
ǫk(ilx
j)
AS
l
A −
1
3
δij(~xA × ~SA)k
]}
, (4.21)
N (2)ijkl =
d3
dt3
{∑
A
mA
(
viAv
j
A −
1
3
δijv2A
)
xkAx
l
A
− 1
12
∑
A
∑
B 6=A
mAmB
rAB
(
riABr
j
AB −
1
3
δijr2AB
) [
δkl +
1
r2AB
(
−rkABrlAB + 6xkAxlA
)]
∑
A
[
ǫl(imv
j)
AS
m
A −
1
3
δij(~vA × ~SA)l
]
xkA +
∑
A
[
ǫk(imv
j)
AS
m
A −
1
3
δij(~vA × ~SA)k
]
xlA
}
.
(4.22)
This completes our consideration of the gravitational wave generated by the motion of N
spinning particles to the post-Newtonian order.
V. CONCLUSIONS AND DISCUSSIONS
In this work we consider a method to develop the post-Newtonian expansion for both the
equations of motion and the generation of gravitational wave of N spinning particles. In this
approach the energy-momentum tensor T µν for spinning particles, due to Dixon and BI, is
introduced first. Using this T µν , one can derive the Papapetrou equations by requiring it to
be symmetric and conserving. By the formalism of EW, we can then obtain the waveform
and the luminosity of the gravitational wave generated by the motion of these spinning
particles.
This approach is straight forward and much simpler than the BDI multipole formalism
since we still regard the particles as point-like. It is self-contained in the sense that once we
write down T µν , the equations of motion can also be derived from it. Another merit is that
the BI formalism is very general so that structures other than spin, such as tidal effects,
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can also be taken into account systematically by introducing terms corresponding to these
structures in T µν .
However, there are several points in our calculation that we must be careful with. First,
the EW formalism is less rigorous than the BDI formalism in which integrals like those in
Eqs.(4.2) to (4.4) have divergent parts. Fortunately, these divergent parts have no transverse-
traceless parts so they will not contribute to the generation of gravitational waves. We
therefore expect the two formalisms to give the same results.
Another point to note is that the harmonic coordinate condition used in Section III,
as well as in [11], is not the same as the gauge condition used in the EW formalism. It
is nevertheless shown in [15] that, at least to the post-Newtonian order that we are con-
sidering here, the extra terms coming from these different gauge choices all have vanishing
transverse-traceless parts. Therefore, there is no inconsistency in our investigation in this pa-
per concerning gauge conditions. On the other hand, if we want to extend our consideration
to higher post-Newtonian orders, we must be more careful with gauge choices.
In our calculation we have assumed that spin ~S is of post-Newtonian order, same as
velocity ~v. Then the spin-orbit and spin-spin effects come in both at the post-Newtonian
order. Since these effects for compact objects come in at even higher orders, we are really
dealing with ordinary objects. We have chosen this simpler case just as an illustration of how
our formalism works for spinning particles while staying at the post-Newtonian level. Of
course, the compact case is more interesting because of the possibility of detection of their
coalescences by LIGO and VIRGO in the near future. We plan to consider that situation in
a separate work.
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